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We show that block entanglement entropies in one-dimensional systems close to a quantum critical
point can in principle be measured in terms of the population of low-lying energy levels following a
certain type of local quantum quench.
Entanglement, and its quantification through entangle-
ment entropy, have become increasingly important tools
in the study of quantum many-body systems. The fact
that the entanglement entropy of a region of linear size
ℓ in the ground state of a system with short-range inter-
actions in d dimensions grows like ℓd−1 [1] (up to possi-
ble logarithms), as compared with a typical state where
it is extensive, both explains the success of modern nu-
merical methods and informs their further development.
Moreover it gives a basis-independent way of detecting
quantum critical behavior and topological phases.
Briefly, the entanglement entropy is defined as fol-
lows: given a bipartition of the Hilbert space H =
HA ⊗ HB (which usually corresponds to the degrees of
freedom lying in mutually exclusive regions A and B of
d-dimensional space), the reduced density matrix of (say)
A is given by ρA = TrHB |0〉〈0|. The Re´nyi entropies are
then given by S
(n)
A = (1 − n)
−1 logTrHA ρ
n
A. The von
Neumann entropy −TrHA ρA log ρA is formally the limit
as n→ 1. For different n these encode the entanglement
spectrum of ρA: if we make a Schmidt decomposition
|0〉 =
∑
k
ck|k〉A |k〉B (1)
then the non-zero eigenvalues of ρA are given by c
2
k. On
the other hand TrHA ρ
n
A =
∑
k c
2n
k . If the state has low
entanglement then only a few eigenvalues are apprecia-
ble and the entropies are small, while if the state is max-
imally entangled the entropies are of the order of the
lesser of the dimensions of HA and HB.
In exactly solvable models, and more generally for sys-
tems at or near a quantum critical point, considerable
progress has been made in relating the behavior of the
entanglement entropy to other universal data of the un-
derlying long-distance theory, typically a quantum field
theory (QFT) [2]. In particular, for d = 1, the coefficient
of the ‘area’ law (in this case the number of boundary
points between A and B) is predicted to diverge as log ξ,
where ξ is the correlation length, as the critical point is
approached. At the critical point, the entropy of a finite
interval of length ℓ immersed in a much larger system
grows like log ℓ. When the low energy, long wavelength
physics is described by a conformal field theory (CFT),
the coefficient is given by the central charge, or confor-
mal anomaly number, c: the Re´nyi entropies behave as
[3, 4] S
(n)
A ∼ (c/6)(1 + n
−1) log ℓ. Many other predic-
tions have been made by now. For example, when A
consists of two disjoint intervals, the entropy encodes all
the data of the CFT, which is therefore recoverable solely
from properties of the ground state wave function [5, 6].
These predictions, both in d = 1 and higher, have been
well verified in numerical investigations, and indeed the
low degree of entanglement is partly responsible for the
success of DMRG and tensor network methods [7].
However it seems difficult to devise a method whereby
entanglement entropy in an extended system of the type
discussed above could be measured, even in principle, in a
real experiment, since it is intrinsically non-local. While
various methods have been proposed for measuring en-
tanglement in systems with a finite dimensional Hilbert
space [8], their complexity increases with the system size.
What we have in mind is a conventional condensed mat-
ter experiment whose difficulty does not in principle in-
crease with the system size. In some simple systems the
entanglement entropy can be indirectly recovered from
an (in principle) measurable correlation function [9, 10]
or the distribution of suitably chosen observables [11],
but this connection is system-specific.
Various suggestions have been made as to how charge
[12, 13] or number [14] fluctuations in the subsystem
A, either in space or in time, may provide a measure-
ment of entanglement entropy. However, the generality
of these observations has been questioned [15]. They are
restricted to systems with a conserved current, and it
is difficult to see how these ideas could measure entan-
glement of neutral degrees of freedom, or apply in cases
when there is no such conservation law. More seriously,
the logarithmic behavior which appears in these analyses
can be traced to the fact that, in one dimension, current-
current correlators 〈J(x1)J(x2)〉 behave like |x1 − x2|
−2
on separations much smaller than the size of the subsys-
tem (but larger than the microscopic scale, and similarly
in the time domain), giving rise to logarithms on inte-
gration over x1 and x2. Although the functional form of
such logarithms turns out to be identical to that of the
entanglement entropy for simple geometries, the analysis
of Ref. 6 shows that, even in the slightly more compli-
cated case where A consists of two disjoint intervals, the
entanglement entropy has a form which cannot be sim-
ply expressed as an integral over correlation functions of
local fields.
The proposal in Ref. 12 is an example of a local quan-
tum quench [16, 17], whereby the hamiltonian of a quan-
tum system is instantaneously changedH → H ′ in a local
way, so that the quantum state, which was the ground
state of H , now evolves according to H ′. In general, the
real time behavior after such a local quench is relatively
simple [17]: the additional energy near the quench site is
radiated away as the quasiparticles of H ′, moving semi-
classically at their group velocities vg. These also propa-
gate changes in entanglement through the system, which,
in a critical 1d system, therefore grow like log(vgt).
In this letter we propose a different type of local quan-
tum quench which, in principle, directly measures the
Re´nyi entropies. We show that these are simply given by
the probability P0 = |H′ 〈0|0〉H |
2 of finding the system in
the ground state of H ′ after the quench. This quantity
is called the fidelity, and it has been used extensively in
characterizing quantum critical behavior (see, for exam-
ple, Ref. 18), but it has largely been restricted to global,
rather than local changes in the hamiltonian. (See, how-
ever, [19].) It may be objected that P0 is not directly ex-
perimentally observable, even in a gapped system. How-
ever we also show that, in systems close to a quantum
critical point described by a QFT with a linear disper-
sion relation, the probability P (E) of finding the system
in a low-lying excited state of energy E is given by P0
times a calculable factor. In principle, P (E) is measur-
able if the system is coupled weakly in a known fashion
to other modes whose spectrum can be analyzed. This
then gives an indirect measurement of P0 and hence the
Re´nyi entropy. The analog of P (E) for global quenches
has been discussed in [20, 21].
Let us define more precisely the local quench. In com-
puting Re´nyi entropies, it is convenient to imagine n
copies of the original system. We now suppose that these
copies can actually be manufactured, to a tolerance to be
discussed later. Consider therefore n identical copies of
the system so that the full Hilbert space is H = ⊗nj=1Hj .
Initially they are decoupled so that the hamiltonian is
H =
∑n
j=1 Hj , and each system is in its ground state (as-
sumed unique), so the combined system is in its ground
state |0〉H =
∏
j |0〉j . Consider the same bipartite de-
composition of each Hj = HjA ⊗ HjB . All the HjA are
isomorphic. Let Πn be the permutation operator (uni-
tary on H) which maps HjA → H(j+1)A (mod n) and
acts as the identity on all the HjB . (Such an operator
for the case n = 2 was introduced in Ref. 22 where it is
called a swap operator.) Then it is well-known (see e.g.
Ref. 23 for the case n = 2) that using the decomposition
FIG. 1: The action of a single twist operator on two one-
dimensional systems with short-range interactions.
FIG. 2: A single twist is equivalent to the closing of a point
contact when n is even and the ground state is invariant under
reflection.
(1) and the orthonormality of the Schmidt states,
H〈0|Πn|0〉H =
∑
k
c2nk = TrHA ρ
n
A (2)
On the other hand, if we define H ′ = Π−1n HΠn, H
′ and
H are isospectral, and |0〉H′ = Π
−1
n |0〉H is the ground
state of H ′. Hence, thinking of H → H ′ as a quantum
quench, the modulus squared of (2) is nothing but P0 =
|H′〈0|0〉H |
2.
The point about this elementary observation is that,
when H has only short-ranged interactions, and A and
B are spatially disjoint regions, the difference between
H and H ′ is restricted to the boundary between A and
B. Thus while the action of Πn on states, expressed in
particular basis, may be complicated (see, e.g. Fig. 1 of
Ref. 22), its action on the combined hamiltonian is sim-
ple. As a example, consider two copies of a Heisenberg
spin chain with nearest neighbor interactions and hamil-
tonian J
∑
l σl · σl+1. Take A to be the set of sites with
l ≤ 0 and B those with l ≥ 1. Then
H ′−H = Jσ
(1)
0 ·σ
(2)
1 +Jσ
(2)
0 ·σ
(1)
1 −Jσ
(1)
0 ·σ
(1)
1 −Jσ
(2)
0 ·σ
(2)
1
This is illustrated in Fig. 1. (For an odd number of
such twists it is also necessary to twist the boundary
conditions at the same time. This has no effect in open
systems or for periodic boundary conditions in systems
much larger than the correlation length, but is impor-
tant for finite ungapped systems with periodic boundary
conditions.) Such twist operators have been studied for
integrable spin chains in [24].
Note that for an infinite system or one with periodic
boundary conditions, one of the chains can be parity re-
versed as in Fig. 2 (assuming the ground state |0〉 is in-
variant under this reflection) to obtain a local quench
corresponding to the closing of a point contact coupling
to two external leads on either side. In a real experiment,
of course, it may be difficult to ensure that the new cou-
plings added in H ′ are precisely the same as those deleted
in H . However, at least in a gapped system, the results
should be robust to such imperfections as long as they
are on scales smaller than the gap, or the energy E of
excited states.
The operators Πn corresponding to a local modifica-
tion of H at some point l in a one dimensional sys-
tem are called twist operators Tn(l) in the literature [25].
From the above we see that the Re´nyi entanglement en-
tropy between the left and right halves of such a sys-
tem is given in terms of the ground state expectation
value H〈0|Tn(0)|0〉H . Similarly the Re´nyi entanglement
entropy between an interval of length ℓ = |l1 − l2| and
the rest of the system is given by H〈0|Tn(l1)Tn(l2)|0〉H ,
and so on. In all cases, these matrix elements may be
viewed equivalently as the fidelity following a quantum
quench of H to H ′ =
∏
k Tn(lk)
†H
∏
k Tn(lk), or equiva-
lently the probability P0 that the system is found in the
ground state of H ′ when its energy is measured.
In one-dimensional systems close to a critical point,
considerable effort has gone into analyzing the behavior
of correlators of these twist operators, especially for sys-
tems with dynamical scaling exponent z = 1, which are
described in the scaling limit by a relativistic QFT, and
at the critical point, by a CFT [2]. In these cases, it
follows from the early work of Ref. 3 that Tn has scaling
dimension xn = (c/12)(n−1/n), where c is the conformal
anomaly number of the CFT. By scaling, this means for
a single twist in a system with a finite gap ∆, P0 scales as
b′n∆
2xn as ∆→ 0. Similarly, for an interval of length ℓ at
the critical points, it behaves like bnℓ
−2xn . The constants
bn and b
′
n are not universal, but their ratio is expected
to be, in units where v = 1 [28].
However, measuring the total energy of a many-body
system to accuracy O(1) is unfeasible even when the
spectrum is gapped. In fact, after such a local quench,
most of the excess energy goes into states whose energy
is of the order of the inverse cut-off, or band width.
This can be seen by studying the time dependence of
the energy density, given by the component T00(x, t) of
the energy momentum tensor, following the action of a
single twist. This is given in the Schro¨dinger picture
by H〈0|Tn(0)
†eiHtT00(x)e
−iHtTn(0)|0〉H . On the other
hand, in a CFT, we can write T00 = T + T , and, in
imaginary time
H〈0|Tn(0)
†e−Hτ
′
T (x)e−HτTn(0)|0〉H
=
(c/24)(1− n−2)(τ + τ ′)2
(x+ iτ)2(x− iτ ′)2
This follows from Eq. (11) of [4]. A similar result holds for
〈T 〉. Continuing this result to τ = it+δ and τ ′ = −it+δ,
where δ is a UV cut-off of the order of the lattice spacing
or inverse band width, we see that, after the quench,
〈T00(x, t)〉 ∼
c
12
(n−n−1)
(
δ2(
(t+ x)2 + δ2
)2 + {x→ −x}
)
in units where v = 1. The total energy
∫
〈T00〉dx diverges
like δ−1, and, in a CFT, it is concentrated in a region of
width O(δ) near the light cone. In a more general lattice
theory we expect the energy to be carried off by quasi-
particles moving semi-classically with their appropriate
group velocities. Similar considerations apply to changes
in the entanglement entropy [17].
We now argue that, despite the fact that most of the
energy is radiated in this non-universal manner, the pop-
ulation P (E) of the states with energies E much less
than the cut-off is universal, and is directly related to
the Re´nyi entropy. This because its Laplace transform is
given by correlation functions of twist operators in imag-
inary time:∫
P (E)e−EτdE = H〈0|e
−(H′−H)τ |0〉H
= H〈0|
(∏
k
Tn(lk, τ)
†
)(∏
k
Tn(lk, 0)|0〉H
We now consider various simple cases of this.
Single twist in an infinite ungapped system. At the
critical point the two-point function 〈Tn(0, τ)
†Tn(0, 0)〉 ∼
bnτ
−2xn , where bn is the same constant appearing in
the result for the Re´nyi entropy of an interval of length
ℓ (in units where v = 1.) In this case the spec-
trum of H ′ is continuous and we see that P (E)dE ∼(
bn/Γ(2xn)
)
E2xn−1dE. Note that the probability of
finding the system in a state of energy < E approaches
zero as E → 0. This is an example of an ‘orthogonal-
ity catastrophe’ as was first observed in the X-ray edge
singularity [26]. As in that problem, the probability of
occupation of low-lying states obeys a universal power
law [27].
Single twist in a gapped system. When the theory is
gapped, the 2-point function behaves asymptotically like
|〈Tn〉|
2, giving a probability P0 ∼ b
′
n∆
2xn that the system
is in the ground state. More interesting is the occupation
of low lying states. In [28] it was shown that Tn couples
to multi-particle states in the continuum. As an example,
the coupling to 2-particle states with E > 2∆ gives
P (E) = P0
∑
k1,k2
n∑
i=1
n∑
j=1
|Fij(k1, k2)|
2δ(E − Ek1 − Ek2)
where Fij is a form factor coupling Tn to a particle of
momentum k1 in copy i and of momentum k2 in copy
j. For integrable models these are calculable [28] and
thus measurement of P (E) gives direct access to P0 and
therefore the Re´nyi entropy.
Single twist in a finite ungapped system. Suppose
the initial system has finite length L with open bound-
ary conditions. The form of the 2-point function
〈Tn(x, τ)
†Tn(x, 0)〉 can be found by a conformal map-
ping to the upper half plane. As τ → ∞ we find
P0 = bngn ((L/π) sin(πx/L))
−2xn , where x is the dis-
tance of the twist from one end of the system, and log gn
gives the boundary entropy. This agrees with the result
in [4] for the Re´nyi entropy. The coupling to the excited
states can be found using the methods described in [6].
The leading corrections as τ → ∞ come from two exci-
tations each of energy πxs/L (where xs is a boundary
scaling dimension) propagating in two different copies of
the available n. We then find that
P (E = 2πxs/L) = P0dn(xs) ((L/π) sin(πx/L))
4xb
where dn(xs) is a known function of xs [6].
Multiple twists. This is more complicated still, since
for p twists we need to know the 2p-point function of
twist fields. However analytic results are available from
CFT for various limiting cases. For example take the
case p = 2, that is an interval A of length ℓ in an infinite
system. As discussed above, the probability P0 of finding
the system in its ground state gives the Re´nyi entropy.
For ℓ ≪ τ , that is energies E ≪ ℓ−1, the methods of
[6] show that the product of two twist operators can be
written as an infinite sum over all possible local scaling
fields of the CFT on each of the n copies. The leading
correction comes from when two of these have dimension
x 6= 0 and all the rest correspond to the identity. Thus
we have
P (E)dE = P0
∑
x
d˜n(x)(ℓE)
4x−1dE + · · ·
where d˜n(x) is once again known, the sum is over all the
bulk scaling dimensions, and the neglected terms, of or-
der (ℓE)2(xi+xj+xk) are also calculable and, for n > 2,
encode further CFT data. (For n = 2 a closed form for
P (E) is available since the 4-pt function of twist oper-
ators is related to the partition function of the CFT on
a torus [6].) For E ≫ ℓ−1 we find the result for single,
independent twists.
Another important example of a local quench, however
not related to the Re´nyi entropy, is where two pieces of a
system are joined together to form a larger one. The real
time evolution after such a quench was studied in [16, 17].
More recently the fidelity was evaluated using CFT meth-
ods [19]. We can also use evolution in imaginary time to
predict the population of low energy states following such
a quench. In this case, instead of a twist operator, we
have a slit in the world sheet, whose scaling dimension
in a CFT was computed in [29] to be c/16. Thus, in an
infinite system, we have P (E)dE ∝ E(c/8)−1dE.
Although the purpose of this article has been to show
only that it is possible in principle to measure Re´nyi en-
tropies, it is interesting to consider whether this proposal
is at all practical. As mentioned earlier, imperfections in
the faithfulness of the copies or of the precise details of
the quench should be unimportant as long as they occur
at energy scales much less than the gap ∆ or the energyE
above the ground state. In principle, P (E) can be mea-
sured if the system couples weakly, in a known manner,
to other degrees of freedom whose energy distribution
can be spectrally analyzed. For example, if the excited
states of H ′ can decay through a coupling to the elec-
tromagnetic field, P (E) should be recoverable from the
photon spectrum. In optical lattices, the energy E could
be transferred to kinetic energy of the atoms, whose spec-
trum could then be analyzed after removal of the trap. In
both cases, in order to produce an observable spectrum,
it would of course be necessary to consider a small but
finite density of twists, produced continuously at a low
rate. Under such conditions, the above analysis shows
that we should obtain simple universal behavior, charac-
teristic of independent twists, for energies E larger than
mean density (in units where v = 1), but much smaller
than the band width.
Although we have restricted attention to case of one
dimension, where twists are local, the analysis in prin-
ciple extends to higher dimensions. In particular it can
be seen that the action of twist operators can change
the topology and so reveal the entanglement entropy of
topological phases. We have throughout assumed that
the ground state |0〉 is unique, and there are interesting
consequences, even in one dimension, when this is not
the case.
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